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ABSTRACT 
The effect of inertia terms ( especially 
centrifugal terms ) on the leakage flow 
through the narrow clearance between the 
rotor and side plates of a sliding vane 
rotary compressor is investigated, and it 
is pointed out that the flow model without 
inertia terms can be sufficiently accurate 
in our situation. Then, our problem is 
solved by Finite Element Method under the 
non-axisymmetric boundary conditions and 
the inconsistent clearance configuration. 
In several cases, pressure maps and velocity 
distributions of the leakage flow field are 
obtained. Finally, the vertical equilibrium 
position of the rotor in the cylinder is 
estimated, considering the thrust loading 
of our vertical type rotary compressor. It 
is found out that almost all leakage flow 
occurs in the upper clearance. 
INTRODUCTION 
Recently, detailed analyses of compressors 
have caught attention because of the 
growing interest in possible developments 
of more efficient and reliable compressors. 
Concerning the internal leakage loss, it is 
found out to be a significant factor of 
loss especially in rotary compressors. 
Reed and Hamilton analyzed the internal 
leakage effects in sliding vane rotary 
compressors, and concluded that the most 
significant internal leakage occurs through 
the lubricating oil system in rotary 
compressors [1). However, few studies dis-
cuss the detailed analysis of the lubricat-
ing system in a rotary compressor. Because 
the lubricating system affects also its 
reliability, it is essential to establish a 
complete model for detailed analysis and 
design. 
The lubricating system of the rotary com-
pressor usually comprises two major compo-
nents, that is, journal bearings and rotor 
face clearances which bear the thrust load-
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ing. Concerning the rotor face clearances, 
there are two points to be considered. 
One of which is the effect of the centri-
fugal term caused by rotation of the face. 
This effect is examined in an axisymmetric 
model by reducing the governing equations 
to a simple form through order-of-magnitude 
arguments. Another point which complicates 
the flow problem is that parallel plates, 
one of which is rotating while the other is 
stationary, cannot bear any thrust loading 
theoretically, or in other words, the 
clearance height between two plates cannot 
be determined by the thrust load. Besides, 
the leakage flow rate cannot be calculated 
unless the clearance height is known. 
In order to establish a model for the lu-
brication system, the leakage flow between 
the rotor and side plates of a sliding vane 
rotary compressor should be studied analyt-
ically under the non-axisymmetric boundary 
conditions. 
Bein et. al. solved the problem by applying 
the perturbation technique [2). Their 
analysis is restricted to a consistent 
clearance configuration, and their method 
is difficult to apply to our compressors 
which have circular grooves on the rotor 
faces or side plates. 
On the other hand, since Reddi established 
the application of the Finite Element 
Method ( denoted as FEM ) to lubrication 
problems [3,4), many spiral groove thrust 
bearings have been analyzed by FEM. In 
those cases, the boundary conditions were 
usually homogeneous ( i.e. the pressure on 
the boundary was uniform). 
In this work, a FEM model for the lubricat-
ing system including journal bearings and 
the narrow clearances between the rotor and 
side plates is established, and solved to 
obtain the vertical equilibrium position 
of the rotor in the cylinder. 
DEFINITION OF PROBLEM 
Figure 1 and 2 show our problem config-
uration. The compressor involved is a 
hermetic rotary compressor with four 
vanes sliding in a circular cylinder. 
Figure 1 is a cut-away view of the 
rotary compressor, and Figure 2 shows 
a detailed view of the leakage flow 
field investigated. The leakage flow 
field is defined as being hounded hy 
two concentric circles, one of which 
has a radius of R;n (inner boundary) 
while the other has a radius of Ro 
(outer boundary). On the inner boundary 
the flow field is connected to a jour-
nal bearing which has an oil feeding 
pressure of P;n (which equals the dis-
charge pressure of the compressor). 
The outer boundary is non-axisymmetric, 
on which a steady-state pressure dis-
tribution is assumed though the exact 
nature is not steady. Constant temper-
ature, density, and viscosity properties 
are assumed for the leakage fluid which 
is lubricating oil diluted with an 
equilibrium concentration of gaseous 
refrigerant. The flow is considered to be 
laminar, because the clearance height is 
sufficiently small as compared with the 
rotor outer radius. 
The dimensions and the conditions of the 
compressor studied are indicated in the 
Nomenclature. 
EXAMINATION OF THE CENTRIFUGAL EFFECT 
There are three non-dimensional parameters 
characterizing the flow in the narrow 
clearance between the rotating surface and 
the stationary surface [2] , which are 
stated below : 
The Euler number defined as the ratio of 
the external pressure difference to the 







number based on the clearance 
The aspect ratio defined as the ratio of 
rotor outer radius to the clearance height, 
Ro 
s = tl 
Bein et. al. analyzed the problem under the 
following ranges of these parameters I2J 
1 1 E > 
__ 1 ____ 
Re<< , s >> , 
= Re 
and expanded around the asymptotic solution 
of Re .... 0 . 
Fig.l Cut-away View of a Rotary Compressor 
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Fig.2 Detailed View of the Leakage Flow Field 
They showed that the zeroth order solution 
( which does not include the effect of 
inertia terms, but does satisfy non-axisym-
metric boundary conditions ) is fairly 
close to the zeroth plus .first order solu-
tion ( which includes the effect of inertia 
terms l under the ranges of parameters : 
E ~20, Re ~0.3 
They also noted, the difference between the 
zeroth plus first order solution and the 
zeroth order one grows as Euler number 
decreases due to larger contribution of the 
inertia terms. In the study cited above 
they restricted the range of another param-
eter, s ( the ratio of the inner radius to 
the outer radius ) 
6 ~ 0.3 
However, in our problem configuration, the 
range of s is quite different from the 
above, as follows 
6 ~ 0.35 
This means, in our problem, the leakage 
flow rate due to pressure difference 
between the inner boundary and outer 
boundary is more significant than the 
case investigated by Bein et. al. 
Consequently, in order to examine the 
effect of the centrifugal term on the 
leakage flow, we consider an axisymmetric 
flow model with the term included. 
In general, the s-teady viscous flow of 
incompressible fluid between a rotating and 
a stationary surface is governed by the 
well-known Navier-Stokes equations 
(v· grad)v = - !grad P + v\7 2 v 1 ) p 
and the continuity equation 
div v = o ( 2 ) 
After further reduction allowed by assuming 
axial symmetry and restricting the range of 
parameter as h << R 0 Ci. e. S >> 1 l upon the Navier-Stokes equations, asymptotic 
transformations can be made. Finally, more 
simplified equations in cylindrical coordi-
nate are obtained with a centrifugal term 
included [5] 
- ~ = _...1__ ___lL + \) ~ 3-1 r p ar az 
3-2 
( 3-3 
And also the continuity equation of axisym-
metric form is : 
_1_ ~ + ~ + ~ = 0 ( 4 r ar az r 
The boundary conditions are as follows : 
Vr = VB = Vz = 0 
for z = h ( stationary surface ) ( 5-l ) 
Vr = v 2 = 0 , ve = rw 
for z = 0 rotating surface 1 (. 5-2 ) 
p = Pct 
for r 
"' R in inner boundary ( 5-3 ) 
p = Ps 
for r = Ro outer boundary ) ( 5-4 ) 
The equation 3-3 ) indicates that pressure 
distribution depends only on r coordinate : 
P = P( r 
Now the equations ( 3 ) and ( 4 ) can be 
solved analytically with the boundary condi-
tions ( 5 ) , and we obtain : 
The results shown in Figure 3 display two 
different conditions. Figure 3-a reveals 
the negligible effect of the centrifugal 
term in the case of Re< 0.05, E > 10, 
which is the case for our problem, while 
Figure 3-b indicates the contribution of 
the centrifugal term to the pressure 
distribution in the case of Re< 0.05, 
E < 0.2. Figure 3-b also shows such a 
significant effect that the negative pres-
sure region occurs in the outer half of 
the face clearance. 
LUBRICATION FLOW NETWORK MODEL 
Lubrication flow system in a rotary com-
pressor comprises several components listed 
below C the numbers correspond to those of 
Figure 1 ) : 
1. centrifugal pump 
2. oil path in the shaft 
3. journal bearing ( upper & lower ) 
4. face clearances ( upper & lower ) 
5. circular groove in the cylinder head 
6. rotor holes ( back chambers for 
sliding vanes 
7. face clearances (upper & lower 
A lubrication flow network model for our 
rotary compressor is constructed and shown 
in Figure 4, Oil flow equations for those 
components are listed in Table 1. Values 
pertinent to our compressor are applied to 
the equations and the magnitude of those 
contribution to pressure distributions is 
evaluated. 
It is found out that some components have 
negligible effects on the flow network. So, 
sbmplified network model can be constructed 
for our compressor as shown in Figure 4. 
FEM MODEL FOR FACE CLEARANCE FLOW 
Lubrication flow through the rotor face and 
the side plate is a problem with 2-dimen-
sional pressure distribution. As shown in 
the previous section, the centrifugal term 
is negligible in our problem. Then, the 
steady-state lubrication flow is described 
by the conventional Reynold's equation. 
rw a h 
-2- rae (7) 
1 & 1 r (r2-R1· n 2 ) 1 n .B.o... ( R 2 R· 2 ) 1 n r Pct nr + Ps n_--;- • - o - ~n ~ P (r) 
.t<JIL + 0.15pwz R,n JD ( 6-l ) 
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The flow field is divided into many finite 
elements and the elements encircling the 
inner boundary are connected with one-
dimensional elements which represent the 
journal bearings. Figure 5 shows the finite 
element layout of upper and lower face 
clearances. 
The inner boundary condition is 
P == Pd ( 8-1 
for all nodes on the inner side of one-
dimensional elements). 
The outer boundary condition is 
8-2 
for all nodes on the outer boundary of 
upper and lower flow fields ) 
P0 ( 81 is shown in Figure 6. 
The boundary conditions for velocity are : 
ve rw , v == r v == z 0 ( 9-1 
for z == 0 rotating surface 
vr == ve = Vz == 0 ( 9-2 
for z == h stationary surface ) 
) 
) 
In this analysis, the upper and lower flow 
fields containing circular groove are ex-
pressed respectively by assembly of 648 
quadrilateral two-dimensional elements 
which have a linear interpolation function 
for pressure. Note that the elements repre-
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senting the narrow clearance differ in the 
element thickness from those representing 
the circular groove. The upper and lower 
journal bearings are expressed respectively 
by 72 one-dimensional ele~ents which also 
have a linear interpolation function. The 
upper flow field and the l·ower one are 
connected to each other at four different 
nodes located on the cir-cular groove, which 
represents the existence of rotor holes and 
corresponds to the dotted lines in Figure 
5, Following is a summary of the model. 
Total number of nodes 1584 
Total number of elements 1440 
two-dimensional 1296 
one-dimensional 144 
Total unconstrained d.o.f. 1292 
SOLUTION METHOD 
Reynold's equation shown abov~ is one of 
quasi-harmonic equations, which govern 
several kinds of field problems such as 
heat conduction and electricity fiel~,etc. 
and have a scalar potential as the unknown 
variable. Some analysts suggested solution 
method of lubrication problem by use of 
electricity analogy [7]. In view of FEM, 
Huebner mentioned general treatment for 
the solution of field problems governed by 
the quasi-harmonic equations [8]. 
For the construction of analysis system of 
complex lubrication problems, because of 
component oil flow equation evaluation 
1. centrifugal pump L\p = 
p wzR 2 
- pgz negligible 2 s 
'" 
2. oil path in the L\P = ~ f(Q,d) ( Q )2 L 1fd'74 d + pgL negligible shaft [6] 
3 
(1. 2+11~) 3. journal bearing CB '!TRg L\P = Q significant [6] 12JJLB B 
4. face clearance 
5. circular groove 2-dimensional Reynold's Equation significant 7'. face clearance ( treated in the text ) 
connecting the 6. rotor hole same as oil path in the shaft upper and lower 
flow fields 
Table 1. Components of Flow Network Model 
Fig.5 Finite Element Layout 
difficulties arising from manipulation of a 
large scale sparse matrix, it is better to 
utilize the heat conduction analysis capa-
bility of well-established general purpose 
FEM code (such as NASTRAN, SUPERB etc. ). 
In order to realize the concept, pre- and 
post-processors are devised for data trans-
formation and additional calculations. 
Detailed discussion for the transformation 
of lubrication problem into equivalent heat 
conduction problem appears in the Appendix. 
The procedure incorporating the analogous 
solution method was established for our 
lubrication problem, and satisfactorily 
functioned with less efforts than coding 
a special purpose FEM software including 









We calculated at four different values of 
clearance height and interporated the 
results for the estimation of the balance 
point of thrust loading. Figure 7 shows the 
relationship of thrust loading v.s. clea-
rance height for our compressor. It is 
found out that the equilibrium position of 
the rotor is about 21Jm for lower clearance ( eccentricity is 0.8 ) with thrust load of 
5.1 kgf (5.lx9.8 N). The leakage flow rates 
through the upper and lower clearances at 











(mm 3 /sec) 
It indicates that aLmost all leakage occurs 
through the upper clearance. Figure 8 shows 
the pressure distributions on the upper and 
lower flow fields. And Figure 9 shows the 
volume flow velocity distributions in the 
same way. It can be seen that in the lower 
clearance the shear flow is more dominant 
than in the upper clearance. 
In order to evaluate the effect of circular 
groove, the same model without the groove 
was calculated. Figure 10 shows the quite 
different pressure distributions for the 
case. 
CONCLUSIONS 
1. Centrifugal effect on the leakage flow 
in the narrow clearance between the rotor 
and side plates of rotary compressor was 
evaluated and found out to be negligible in 
our problem configuration, that is, in the 
case of Re <0.05, E > 10. 
2. Flow network model comprising journal 
bearings and rotor face clearances was 
constructed for the lubrication system of 
our rotary compressor. 
3. Solution method of lubrication problem 
incorporating heat conduction analysis 
capability of general purpose FEM code was 
established. 
4. Equilibrium position of the rotor in the 
cylinder was estimated in a particular 
thrust loading condition. Pressure and 
velocity distributions in the clearances 
were also calculated. 
5. It was found out that almost all leakage 
occurs in the upper clearance. It was also 
found out that the leakage flow from the 
discharge chamber to the suction through 
the upper clearance is significant. 
REFERENCES 
1. Reed,W.A., and Hamilton,J.F., "Internal 
Leakage Effects in Sliding Vane, Rotary 
Compressors," Proceedings of Purdue 
Compressor Technology Conference, 1980 
2. Bein,M., Shavit,A., and Solan,A., "Non-
Axisymmetric Flow in the Narrow Gap 
Between a Rotating and a Stationary 
Disk," Journal of Fluid Engineering, 
Trans. ASME, Series I, Vol.98, June 1976 
3. Reddi,M.M., "Finite Element Solution of 
the Incompressible Lubrication Problem," 
Journal of Lubrication Technology, 
Trans. ASME, Series F, Vol.91, July 1969 
4. Reddi ,M.M., and Chu, T. Y., "Finite Ele-
ment Solution of the Steady-State Com-
pressible Lubrication Problem," 
Journal of Lubrication Technology, 
Trans. ASME, Series F, Vol.22, July 1970 
310 
5. Walicki,E., "Viscous Fluid Flow in a 
Slot of the curvilinear Thrust Bearing," 
Revue Roumaine des Sciences Techniques, 
Serie Mech. Appl., Vol.20, No.4, 1975 
6. Huebner,K.H., "A Simplified Approach to 
Flow Network Analysis; Application to 
Engine Lubrication Systems," SAE Auto-
motive Engineering Congress, Paper 
750080, February 1975 
7. Fuller,D.D., THEORY and PRACTICE of 
LUBRICATION for ENGINEERS, John Wiley & 
Sons, Inc., New York, 1956 
8. Huebner,K.H., The FINITE ELEMENT METHOD 
for ENGINEERS, John Wiley & Sons, New 
York, 1975 
NOMENCLATURE 
Values in parentheses indicate our problem 
specifications. 
(cylinder thickness - HR) /2 (10 1-l m) 





of oil path (10.9 rom) 





Euler number ( see the 
Darcy-Weisbach friction 
gravity 





rotor face and 
HG depth of circular groove (200 1-l m) 
HR rotor thickness (28. 5 mm) 
L oil path length. (27 mm) 
LB journal bearing length ( 9 mm) 
n unit outward vector normal to boundary 
Ne element interpolation function (vector) 
P pressure 
Pd discharge pressure (19.3X9.8Xl0
4 Pa) 
P 5 suction pressure 
(6.8X9.8Xl04 Pa) 
ql average flow velocity (normal to bound.) 
qH heat flux (normal to boundary) 
Q volume flow of lubricant 
Qa rate of heat generation 
r radial coordinate 
Re Reynold's number 
Rin rotor inner radius 
R0 rotor outer radius 
see the text ) 




m velocity vector of moving surface 
v velocity vector of lubricant flow 
vrrve-,vz components of the velocity vector 
z axial coordinate 
E: eccentricity ( E: = C - C h lowu) 
e angular coordinate 
A thermal conductivity 
v viscosity of lubricant (3.Xl0~ Pa•sec) 
v kinematic viscosity ( v = 1-l/ p ) 
IT{•} functional of the function 
p density of lubricant (910 kg/m
3 ) 
w angular velocity of rotor (356 rad/sec) 
V2 Laplacian operator 
L(subscript) denotes lubrication problem 
H(subscript) denotes heat conduction prob. 
T(superscript) denotes transpose of matrix 
APPENDIX 
Reynold's equation without squeeze effect is 
expressed in rectangular coordinate as ; 
h 3 1 II· <ili liP) = 2v • (hl U) on n . (A-1) 
Boundary conditions 
P = P 0 (x,y) 
n·hl 3 VP ..., n•hLU - _qLhL 12]1 2 
f = SPUSq 
on Sp 
on Sq (A-2) 
Similarly, two-dimensional steady-state heat 
conduction equation with heat source is ; 
1/•(hH\'VT) = -QahH 
Boundary conditions 
T = T 0 (x,y) 
n·hH\'VT = -qHhH 
on n . 





The quasi-harmonic equations are classified 
into linear eliptic self-adjoint partial 
differential equations, for which existence 
of variational principle is shown [8). 
Following is the functional for Reynold's 
equation : 
IT{P} = ffi~a~VP•VP+~PV•(hLU)]dA 
n h u +8 j(qLhL-n·~)PdS q 
This formulation is somewhat different from 
Reddi [3,4] and Huebner [8], but also can 
be proved as follows : 
Taking the first variation of the above 
functional and applying Green's theorem, 
we get ( using oP=O on Sp ) I 
oiT =fff-V·(~i:VP)+iV·(hLU)]oPdA 
n h 3 h u 
+ J In .!!l....:..vP-n -~ + qLhLl oPdS Sq 12].1 2 
To stationarize the functional IT with 
respect to unknown function ~, we require 
that orr = o 
Since the oP is arbitrary on Q we get the 
Reynold's equation (A-ll and boundary 
condition (A-2) simultaneously. 
On the other hand, the functional for heat 
conduction equation is as follows : 
IT{T} = fjih~\1/T•VT-QahHT]dA +JqHhHTdS 
II q 
Now we can apply general FEM formulation 
procedure fB] to those two functionals as 
follows : 
1. Devide the problem field into finite 
number of sub-regions (elements). 
2. Express the unknown variable within the 
element by the nodal values using some 
interpolation functions ( several nodes 
















Fig.7 Thrust Loading Capacity 
3. Stationarize the discretized functional 
for each finite element. 
Here we get the following matrix equations 
for each element. 
Lubrication : Kp·P + Fu + Fs = 0 
J J !!L_{ a T a a T a Kp= fl2]J <axNe)·(txNel+(3yNel ·CayNe)})dAe 
ne 
Fu=fj{~V·(hLU)}NedAe , where pis a nodal 
ne pressure vector, Fs=f(qLhl-n·h~U)NedSe 
Sqe • 
Heat conduction : Kt•T + Fq + F 8 = 0 
;; T<T T a a T a Kt=ffih\{~'el. <axNel+<ayNe>. <ayNel}ldAe 
rle 
Fq=-JJ(QahH)NedAe , where Tis a nodal 
ne . temperature vector, 
Fs=J(qHhH)NedSe 
Sqe 
Comparing the two matrix equations, we get 
the equivalent corelation between the two 
systems as follows : 
Lubrication Heat conduction 
p T 
hl 3 /l2]1 hH\ 
II• (hLU/2) 
-QahH 
qlhL -n· (hLU/2) qHhH 
Assuming constant thickness h within the 
element, we can convert the lubrication 
problem into the heat conduction proolem. 
Note that space derivatives of film term 
must be pre-processed. 
4. Assemble whole element equations into 
a global system matrix. 
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Fig.9 Flow Velocity Distributions 
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